Introduction
Group analysis of differential equations (Lie -Ovsyannikov symmetry method [1] [2] [3] ) became a powerful tool for studying nonlinear equations and boundary value problems. This analysis is especially fruitful in application to the basic equations of mechanics and physics because the invariance principles are already involved in their derivation. Symmetry methods are successfully used to study the mathematical models in hydrodynamics and to construct exact solutions of non-linear problems, e.g. in [4] [5] [6] . An admissible group characterizes symmetry properties of differential equations and used for complete integration or construction of certain classes of exact solutions as well as qualitative investigation of the equations.
In describing the motion of an ideal incompressible fluid that has a free boundary the problem, in particular waves problem, is reduced to finding the solution of the Euler equations with the fulfilment of the kinematic and the dynamic condition at the free surface. The kinematic condition allows us to convert this problem to another one in which the domain is fixed. It is achieved by the transition to the Lagrangian coordinates which are introduced as the coordinate values of the fluid particles at the initial time [7] . The new system of differential equations arised very is often used for the investigation solvability of this problem [8] [9] [10] [11] .
The paper purpose is to study group properties of equations which describe 2D perfect liquid flows. It is well known [12] that, there are two integrals of such equations in Lagrangian coordinates. First of them is the Cauchy one which implies that the particle vorticity is preserved under planar motions. The second integral is appeared due to Weber transformation which applies to Euler equations [12] . The differential equations system corresponding Cauchy integral is the closed system for only trajectories. In this case the problem of group-theoretic classification was solved in [13, 14] . Another differential equations system is the closed system for trajectories and Weber's potential. The passage from one system to another mentioned above is a nonlocal transformation, therefore there should be no isomorphism between the basic Lie group of the equations under consideration. So, we consider the last differential equations system in terms of trajectories and Weber's potential. It is established that the basic group is infinite-dimensional with respect to the space variables. The exceptional values of initial vorticity at which we observe further extension of the group are obtained. Group properties in arbitrary Lagrangian coordinates are considered and two exact solution are constructed.
Governing equations
A nonstationary 3D flow of an ideal incompressible fluid is described by the following system of equations (Euler equations)
where ρ = const is the fluid density and g is the vector of body forces, u(x, t) and p(x, t) are the velocity vector and the pressure, respectively. Let us introduce the Lagrangian coordinates ξ by solving the Cauchy problem
Without loss of generality we can assume that the fluid density equals unity. Then the system (1.1) can be rewritten in the following form [7] 
Here M is the Jacobi matric
and M * is inverse matrix to M . The second equations of (1.3) is equivalent to equation det M = 1 [7] .
If body forces have a potential g = ∇ x h then from the first eq'n of (1.3) we derive [7] M
where u 0 (ξ) is the initial value of u(x, t) and χ(t) is arbitrary function. The relation (1.5) is the Weber's integral. If flow is potential one then this integral coincides with Cauchy-Lagrange integral [6, 7] . Function φ(ξ, t) is the solution of second order elliptic eq'n
and can be called Weber's potential. For 2D motions let us put
. Then the equations (1.4), (1.6) imply the closed differential system
(1.7) 
and h = −gy(ξ, η, t) for water waves, where g = const is the gravitational acceleration.
Remark 1. Equations (1.7), (1.8) are equivalent to the following
The compatibility condition of these equations implies the eq'n
It is the conservation vorticity law (Cauchy integral [7] ). The equations (1.9) and (1.12) are the closed system for functions x(ξ, η, t), y(ξ, η, t). The group properties for this system were studied in [13, 14] . Due to inequality (1.12) an unsteady flow is rotational one for all time.
2. Symmetry properties of system (1.7)-(1.9)
Firstly, let us compute the equivalence transformation. We can demonstrate that the equivalence transformation is
Here
are arbitrary constants and d(t) is arbitrary function. Of course compatibility condition (1.10) is invariant with respect to transformation (2.1). At last, we should supplement (2.1) with the discrete transformation
Generator for system (1.7)-(1.9) is sought in the form
where ξ i , η i depend on all variables t, ξ, η, x, y, φ. To derive the determining equations it is necessary to apply the first prolongation Y (1) of generator Y to system (1.7)-(1.9). After a large member of calculations the determining system can be reduced to the following one
From the last two equations (2.5) for h we get that ξ 1 = C 3 t + C 4 and
It is the classifying equation and now we can find the function h in the form
Basis for the Lie algebra is
It is convenient to use the new unknownsξ 2 (ξ, η),ξ 3 (ξ, η) by the formulae
then the classifying part of system (2.5) of determining equations can be rewritten as
If ω = ω 0 = const, then C 3 = 0 and L 0 is prolonged by the generators
with arbitrary function ψ(ξ, η). Function h(ξ, η) is determined from (2.7), where
If ω(ξ, η) ̸ = const basis for the Lie algebra extended L 0 is given by the generators
Function F is arbitrary for Y F and h(ξ, η) is found from (2.10), where
δ is a constant and the vorticity ω(ξ, η) has the form
with arbitrary function f (ζ), ζ = ξ/η. In this case h = 0.
Invariance of the initial conditions
Solving the system of equations (1.7)-(1.9), which is not normal with respect to time, it is necessary to take into account the initial conditions
We require the relations (3.1) are invariant under action of the generator Y from (2.5). The system of determining equations has the simpler form
2)
The basic algebra L 00 includes the generators
Here the equivalence transformations have the form (2.1), (2.2). To carry out the group classification let us rewrite the classifying eq'n (3.3) in the form
with some constants A, B, C, D and H. It is easy to verity that eq'n (3.5) in invariant with respect to equivalence transformations (2.1) with the transformations of A, B, C, D, H such as
Under integration of equation (3.6) we consider the following cases: I. AB ̸ = 0. Then using (3.6) we can setC =D = 0. Eq'n (3.5) has the solution
with constants γ 2 ̸ = 0, γ 2 and arbitrary function f . II. A ̸ = 0, B = 0. Then from (3.6)C = 0 and the solution of eq'n (3.5) has the form
with constants γ 3 , γ 4 and arbitrary function f . III. A = 0, B ̸ = 0. ThenC = 0 and we obtain the solution of eq'n (3.5) in the form
with constants γ 5 , γ 6 and arbitrary function f . IV. A = 0, B = 0. Then the solution of eq'n (3.5) can be written as
if D ̸ = 0 with γ 7 , γ 8 , γ 9 are constants and f is arbitrary function. Substituting solutions (3.7)-(3.11) to classifying equation (3.3) and using formulae (3.2) and (2.2) we obtain the extension of the Lie symmetry algebras spanned by generators L 00 . The result of group classification is presented in Tab. 1. There we can find the form of the function ω and basis of generator which are possessed by equations (1.7)-(1.9) and initial conditions (3.1). 
In Tab. 1 the following generators are involved in extension of the algebra L 00 :
Remark 2. For potential flows u = φ 0ξ , v = φ 0η and range of φ → φ + φ 0 gives u = v = 0. Basic algebra Lie of generators is the following
with arbitrary smooth functions µ(t), n(t), m(t), d(t), ψ(ξ, η).

Arbitrary Lagrangian coordinates
The Cauchy problem
defines the Lagrangian coordinates ξ and η as the Cartesian coordinates of a fluid particle at the initial time. However, instead of ξ and η distinguishing between points, we can take any quantities a and b connected with ξ and η via a one-to-one correspondence, see Fig. 1 , 
with the initial data 
where 
where
Examples of exact solutions
Unsteady flow in a layer with one free boundary
Let us take v = v(η), v η ̸ = 0, then from (1.10) u(ξ, η) = −v η ξ + u 1 (η) with some function u 1 (η). In such case the initial vorticity has the form ω(ξ, η) = v ηη ξ − u 1η . Because of u 1 (η) is arbitrary the system (1.7)-(1.9) admits 3D subalgebra ⟨∂ ξ , ∂ x , ∂ φ ⟩. Since the variables t, η and y are invariant, we seek a partially invariant solution of rank 2 and defect 2 in the form x = x(ξ, η, t), y = y(η, t) and φ = φ(ξ, η, t). Inserting it into (1.9), we obtain
with initial data
The functions a(η, t), b(η, t) and φ = φ(ξ, η, t) can be found from equations (1.7) and (1.8) as
where f (t) is arbitrary function satisfying the conditions f (0) = 1, f t (0) = 0. Then, from Weber's integral (1.11) and formulae (5.1), (5.3) we find the pressure
and l(t) is arbitrary function. Solution (5.1)-(5.5) can be interpreted as the motion of plane layer (or a filled-up fluid layer) with a free boundary (or a moving rigid wall). Really, assume at the initial time there is a liquid layer of thickness y = h 0 = const. The lower rigid wall y = 0 is fixed and upper boundary y = h 0 is a free one. The initial velocity field is given the formulae u = u 1 
The further motion is described by formulae (5.1)-(5.5). Of course, the outer pressure must be equals
gy(η, t) and the evolution of free boundary h(t) is given by the expression
h(t) = 1 f (t) ∫ h0 0 [ 1 − v η (η) ∫ t 0 dτ f 2 (τ ) ] −1 dη. (5.6)
Example of Gerstner's waves
Let us take mapping (4.1) in the form
It is one-to-one under conditions k > 0, b b 0 < 0, but there is not explicit dependence a, b on ξ, η. However, the formulas [12] . These waves are stationary in coordinate system which moves with velocity −c along the x-axis. Free boundary is a straight line b = b 0 (in variables a, b) or it is trochoid with wave number 2π/k. Such waves are always vortex flow and vorticity has a maximum on free boundary and decreases exponentially with the fluid depth.
If b > 0 then mapping (5.7) is not one-to-one and such solution has not physical meaning. The case b 0 = 0 gives us the cycloid equation
For ka = (2n + 1)π, n ∈ N , this cycloid has a cusps.
In conclusion, Gerstner's waves are the invariant solution of system (4.2)-(4.4) with respect to two-dimensional subalgebra ⟨c −1 ∂ t −∂ a −∂ X ; ∂ Φ ⟩ when J = 1−e 2kb , f = a + k −1 e kb sin(ka), g = b − k −1 e kb cos(ka). New initial "velocities" have the form
where c = (g/k) 1/2 . Notice that U 1a + V 1b = 0.
Conclusion
The equations describing 2D ideal liquid flows under potential force action are considered. Using Lagrangian coordinates this system is reduced to the system for particle trajectories and Weber's potential. Group classification with respect to the initial vorticity is performed. The equivalence group admitted by the governing equations is calculated. This group is infinite one and is used to reduce arbitrary element to the simpler form. As the example two exact solutions are constructed.
